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FIG. 2. The complex refractive index spectrum of the model material
(A) and noise-added ATR spectra (B) of the material with p-polarization
(solid line) and s-polarization (dash line); n0 5 4.0 and u 0 5 45 8 . The
insert shows the noise level (0.001 a.u.) in a nonabsorbing region of
the p-polarized spectrum. Comparisons between phase change upon re-
¯ ection obtained from exact optical theory (solid line) and those from
KK analysis (dash line) of the p-polarized spectrum (C) and the s-
polarized spectrum (D).

FIG. 1. The MSEvF and the MSEF at various angles of incidence
[ ^ E (u 0, n ) & (solid lines), ^ E (u 0, n ) & (dash lines), and ^ E (u 0, n ) & (dot-2 2 2

zx zy zz

ted lines)] . The optical parameters are n0 5 4.0, n1 5 1.5, and n 5 1700
cm 2 1. The ® lled circles indicate the discontinuities of the electric ® elds
in the z coordinate.
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INTRODUCTION

Spectral intensities in attenuated total re¯ ection Fourier
transform infrared (ATR FT-IR) spectroscopy are strong-
ly dependent on both the experimental parameters (i.e.,
degree of polarization and angle of incidence) and ma-
terial characteristic s (i.e., refractive index of the ATR
crystal and complex refractive index of the material).1± 10

The ATR spectral intensity can be expressed in terms of
the product among the mean square electric ® e ld
(MSEF), refractive index, and extinction coef® cient of
the absorbing medium. The relationship between the

Received 18 July 1997; accepted 22 January 1998.

spectral intensity and the complex refractive index is,
generally, nonlinear. This is due to the fact that the MSEF
is strongly dependent on the index, and it can be obtained
only if the index is known.11± 14

Under nonabsorbing conditions (i.e., the extinction co-
ef® cient equals zero), the MSEF can be calculated and is
given a special name as the mean square evanescent ® eld
(MSEvF). The expression for the MSEvF under various
experimental conditions is given elsewhere.4,7,9

Under a weakly absorbing condition, the MSEF can be
estimated from the MSEvF, and a linear relationship be-
tween the spectral intensity and the extinction coef ® cient
can be assumed. Under such a condition, a quantitativ e
analysis can be performed since the spectral intensity is
directly proportional to the concentration of the material
(which is expressed is terms of the extinction coef ® cient
or absorption coef® cient).

Under a strongly absorbing condition (i.e., when the
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FIG. 3. The MSEFs at the surface in x, y, and z coordinates and their
decay constant obtained via exact optical theory (solid lines) and KK
analysis (dotted lines); n0 5 4.0 and u 0 5 45 8 .

FIG. 4. The MSEFs at the surface and their decay constant. The optical
parameters and the symbols are the same as those in Fig. 3 with n0 5
2.41.

absorption coef® cient is large, the angle of incidence is
close to the critical angle or the refractive index of the
ATR crystal is close to that of the absorbing medium),
on the other hand, the MSEF is signi® cantly different
from the MSEvF.10,12 As a result, the MSEF cannot be
accurately estimated from the MSEvF. In order to per-
form quantitativ e analysis via a strong absorption band,
an accurate value of the MSEF is necessary. Since the
complex refractive index of a material is not known, a
technique for an accurate estimation of the MSEF from
the observed spectral intensity and experimental param-
eters is required.

DISCUSSION

The theoretical expressions for the MSEFs in terms of
the experimental parameters and the physical constants
of the material are given in Ref. 11. Examples of the
MSEvF and MSEF at various angles of incidences are
shown in Fig. 1. The MSEF is always smaller than the
MSEvF due to absorption. Although their magnitudes are
signi ® cantly different, even under weakly absorbing con-
ditions, their decay behaviors are similar.12 For isotropic
media, the decay behaviors of the MSEF in all Cartesian
coordinates are characterized by the same function. There

are continuities of the MSEFs at the interface in the x
and y coordinates, while there is a discontinuity in the z
coordinate . By taking advantage of the continuity, one
can calculate the ® elds at the surface of the absorbing
media in x and y coordinates from the observed spectral
intensity and experimental parameters by the following
expressions:11

2 2^ E ( u , n ) & 5 cos u [1 1 R ( u , n )0x 0 0 p 0

1/22 2R ( u , n )cos d (n )] (1)p 0 p

2 1/2^ E ( u , n ) & 5 1 1 R ( u , n ) 1 2R ( u , y )cos d (n ). (2)0y 0 s 0 s 0 s

Despite the discontinuity, the MSEF at the surface in a z
coordinate can be calculated from the observed spectral
intensity by

4n02 2^ E ( u , n ) & 5 sin u0z 0 0 4z nÃ (n ) z1

1/23 [1 1 R ( u , n ) 1 2R ( u , n )cos d (n )] (3)p 0 p 0 p

where u 0 is the angle of incidence, ^ ( u 0, n ) & ; j 5 x, y,2E0j

z is the MSEF at the surface, Rl( u 0, n ); l 5 p, s is the
re¯ ectance; and d i(n ) is the phase change upon re¯ ection.
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FIG. 5. The MSEvF (dash line with open circle) and the MSEFs ob-
tained via exact optical theory (solid lines), via Eqs. 4 and 5 (dash
lines) and via KK analysis (dotted lines) as a function of depth at n 5
1700 cm 2 1, n0 5 4.0, and u 0 5 45 8 . The corresponding spectra, phase
change upon re¯ ection, and decay constant are shown in Figs. 2 and 3.
The inserts are shown for clarity.

FIG. 6. The MSEvF and the MSEFs obtained from various techniques.
The optical parameters and symbols are the same as those in Fig. 5
with n0 5 2.41. The corresponding spectra, phase change upon re¯ ec-
tion, and decay constant are not shown.

Under a weakly absorbing condition, the MSEF can be
estimated from the MSEvF since the following assump-
tion can be applied: the decay behavior of the MSEF is
the same as that of the MSEvF, and the phase change
upon re¯ ection is the same as that under a nonabsorbing
condition.4,12

For s-polarization:

2 1/2^ E ( u , n ) & ù 1 1 R ( u , n ) 1 2R ( u , n )cos d0s 0 s 0 s 0 s,k5 0

1 2 R ( u , n )s 0ù 1 1 R ( u , n ) 1 2 1 2 cos ds 0 s,k5 0[ ]2

ù (1 1 cos d )[1 1 R ( u , n )]s,k5 0 s 0

2^ E ( u , n ) & 1 1 R ( u , n )0s 0 s 0ù . (4)
2^ E ( u , n ) & 20s 0 k5 0

For p-polarization:

é ù2 ê ún02 1/2ê ú^ E ( u , n ) & ù 1 1 R ( u , n ) 1 2R ( u , n )cos dê ú0p 0 p 0 p 0 p,k5 02n1 ë û

é ù2 ê ún0 ê úù 1 1 cos d 1 1 R ( u , n )ê úp,k5 0 p 02 1 2n1 ë û
2^ E ( u , n ) & 1 1 R ( u , n )0p 0 p 0ù . (5)

2^ E ( u , n ) & 20p 0 k5 0

It should be noted that ^ 2 2E ( u , n ) & 5 ^ E ( u , n ) & 10p 0 0x 0

The phase change2 2 2^ E ( u , n ) & and ^ E ( u , n ) & 5 ^ E ( u , n ) & .0z 0 0s 0 0y 0

upon re¯ ection can be derived from the complex re¯ ec-
tion coef® cient (which is expressed in terms of the observed
spectral intensity) via the following expression:11,15± 17

ln rÃ l( u 0, n ) 5 ln Rl
½( u 0, n ) 1 i d l( u 0, n ). (6)

By applying the Hilbert transformation on the above re-

lationship, we can express d l( u 0, n ) in terms of Rl( u 0, n )
via the Kramers ± Kronig (KK) relationship by15± 17

` 1/22n lnR ( u , n 9 )l 0coord ( u , n ) 5 d ( u ) 2 dn 9 . (7)l 0 l 0 E 2 2p n 9 2 n0

The phase change upon re¯ ection is de® ned within the
region 2 p # d l( u 0, n ) # p . d l

coor( u 0) is the phase correc-
tion term (i.e., phase change at an in® nite frequency
where the material is not absorbing) and is given under
a total internal re¯ ection condition by15,16

1/2é ù2n0 2ê ún sin u 2 10 021 2nê ú1
coor 2 1d ( u ) 5 2 tan 2 pê úp 0

n cos u1 0ë û

for p-polarization (8A)

2 2 2 1/2(n sin u 2 n )0 0 1coor 2 1d ( u ) 5 2 tan 2 ps 0 [ ]n cos u1 0

for s-polarization. (8B)

Now, the phase change upon re¯ ection can be calculated
from the observed spectral intensity. A comparison be-
tween the phases obtained via KK analysis and that via
an exact equation is shown in Fig. 2. There is a minor
difference between the phases due to the added noise and
the error in KK analysis.

The MSEF at depth z in an absorbing medium can be
characterized by the ® eld at the surface and its decay
constant. An accurate decay constant of the MSEF can
be calculated from the observed spectrum under s-polar-
ization and is given by

1 2 rÃ ( u , n )s
4 p n Im[nÃ (n )cos u Ã ] 5 4 p n n cos u Im . (9)1 1 0 [ ]1 1 rÃ ( u , n )s

At a nonabsorbing frequency, the decay constant
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can be expressed in terms of the penetration depth by
4 p n Im[ nÃ (n )cos u Ã ] 5 2/d ( u , n ) where d ( u , n ) 51 1 p p

.2 2 2 ½ 2 1{2 p n [ n sin u 2 n (n )] }0 1

By substituting the phase change upon re¯ ection into
Eqs. 1± 3, we can obtain an accurate value of the MSEF
at the surface of an absorbing medium. The MSEFs at
the surface in all Cartesian coordinates and their decay
constant (corresponding to spectrum in Fig. 2B) are
shown in Fig. 3. Examples of the MSEFs for a system
with very high absorption are shown in Fig. 4. Large
discrepancies between the exact and the estimated ® elds
are observed because of strong absorption.

A comparison among ® elds in an absorbing medium
(Fig. 2A) as a function of depth at 1700 cm 2 1 with Ge
and ZnSe as ATR crystals is shown in Figs. 5 and 6,
respectively. Under a strong absorption (i.e., Fig. 6),
MSEFs obtained via Eqs. 4 and 5 are signi ® cantly dif-
ferent from those obtained via the exact equations .11 This
result is due to large discrepancies between the strength
at the surface and the decay constant of the MSEF and
those of the MSEvF. The results obtain via KK analysis,

on the other hand, are more accurate (although there are
minor differences between the ® elds due to the error in
phase change upon re¯ ection obtained via KK analysis).
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